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ABSTRACT : Let ^ be a Noetherian local ring with the maximal ideal TTl and an TTl-primary ideal 

J. Let J- — {/ri}ri>0 t>e a good filtration of ideals in A. Denote by Fj[J-) = (^In/JIn)t^ 

~ n>0 
the fiber cone of J- with respect to J. The paper characterizes the multiplicity and the Cohen- 

Macaulayness of Fj {J') in terms of minimal reductions of J-. 

1. Introduction 

Let {A,m) be a Noetherian local ring with maximal ideal m, infinite residue field k = A/m, T = {/ri}ri>o 
a good filtration of ideals in A. Let J be an arbitrary m-primary ideal. Define Fj{T) — {In/JIn)t^^ to 

n>0 

be the fiber cone of J- with respect to J. In the case where J- = {/"}n>o is an /-adic filtraion, Fj{J-) is 
called the fiber cone of / with respect to J and it is denoted by Fj{I). The notations — dimFm(/) and 
(.{T) = diu\Fm{J-) will mean the analytic spread of / and of JF, respectively. 

The multiplicity and the Cohen-Macaulayness of fiber cones are usually interesting problems. These prob- 
lems are concerned by many authors in the past years. Using different approaches, the authors investigated 
the Cohen-Macaulayness and other properties of fiber cones Fm{I) and Fj{J^) (see for instance [C-G-P-U], 
[C-P-V], [C-Z], [Co-Z], [D-R-V], [H-H], [J-Vl], [J-P-V], [C], [Vi2]). Using weak- (FC)-sequences of ideals in 
local rings, the author of [Vi2] characterized the multiplicity and the Cohen-Macaulayness of Fm{I) in terms 
of minimal reductions of ideals. The results of [Vi2] recovered some earlier results of Huneke-Sally [H-Sa], 
Shah [Shi, Sh2] and Cortadellas-Zarzuela [C-Z]. 
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In terms of minimal reductions of filtrations, the aim of this paper is to give characterizations of the 
multipHcity (Theorem 3.3, Section 3) and the Cohen-Macaulayness (Theorem 4.2, Section 4) of the fiber 
cone Fj{T) of a good filtration T. A crucial role in this paper is played by the use of weak-(FC)-sequences 
of good filtrations (see Section 2). The results of this paper prove that the main results of [Vi2] are still true 
for fiber cones of good filtrations. Moreover, from the main result we show that: For any good filtration 

= {/„}„>o with £{J^) = 1,0 {lLn/^lLn)t"' is Cohen-Macaulay for all large L (Corollary 4.3, Section 4); 

n>0 

and we obtain more favorite results than the results in [Vi2] (Remark 4.4). 

This paper is divided into four sections. Sect. 2 deals with weak-(FC)-sequences of good filtrations. Sect. 3 
investigates the multiplicity of fiber cones of good filtrations. Sect. 4 is devoted to the discussion of the 
Cohen-Macaulayness of fiber cones of good filtrations. 

2. The weak-(FC)-sequences of good filtrations 

The author in [Vil] built (FC)-scqucnccs of ideals in local rings for calculating mixed multiplicities. In 
order to study the multiplicity and the Cohen-Macaulayness for fiber cones of good filtrations, this section 
introduces weak-(FC)-scquences of good filtrations and some important properties of these sequences. 

A filtration T = {In}n>o of ideals in ^ is a chain of ideals /„ such that A = /q, /i is a proper ideal of 
A, In+i ^ /„ and /„/,„ C In+m for all n, m > 0. Let / be an ideal of A. T is called an I-good filtration if 
I In C In+1 for all n > and /„+i = //„ for all large n. In this case, / C J^. ^ is called a good filtration if 
it is an /-good filtration for some ideal / of A. It is easily seen that is a good filtration if and only if 
is an /i-good filtration. A good filtration T is called a nilpotent filtration if /„ = for all large n. This is 
equivalent to h nilpotent. Set J^/I = {I„{A/I)}n>o and Fj{J^/I) = [(/„ -h /)/( J/„ -h /)] for any ideal 

n>0 

I of A. 

Definition. Let I be an ideal of A and T ~ {/ri}ri>o a non-nilpotent good filtration of ideals of A. An 
element x <E Ii is called a weak- (FC)- element with respect to if the following conditions are satisfied: 

(FCi): J'"J„P|(x) = I"^xln-i for all large n and for all non-negative integers m. 

(FC2): X is a filter-regular element with respect to Ii, i.e., : x CO : I^. 

Let xi,X2,... ,Xs be a sequence in Ii. For each i = 0,1,. . . ,s, set Ai = Ajixx, xi,... , Xi); the image 
ofxi+i in Ai; Ti = T/{xi,X2,... ,Xi). Then 

(i) The sequence Xi, ... ,Xs is called a weak- (FC)-sequence in Li with respect to {I, J') if Xi+i is a weak-(FC)- 
element with respect to {IAi,J^i) for each i = 0,1, . . . ,s — 1. 
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(ii) A weak-(FC)-sequence xi,... ,Xs in Ii with respect to is called a maximal weak-(FC)-sequence if 

J^s-i is a non-nilpotent filtration of Ag-i, but J^s is a nilpotent filtration of Ag. 

An ideal J of ^4 is called a reduction of a good filtration ~ {In}n>o if ^ is an J-good filtration. The 
least integer n such that 3/„ = In+i is called the reduction number of J- with respect to J and we denote 
this integer by {J-) . A reduction 3 of is called a minimal reduction if it does not properly contain any 
other reduction of JF. The reduction number of JF is defined by 

r(^) = niin{rj(^) | 3 is a minimal reduction of J^}. 

Note that in the case of J- an /-adic filtration, J is called a reduction of / and the notations and 
r(/) will mean the reduction number of / with respect to 3 and the reduction number of /, respectively. 
Northcott and Rees in [N-R] showed that a reduction J of / is a minimal reduction if and only if the minimal 
number of generators of 3 is equal to the analytic spread £(I) = dim_Fn-,(/) of /. If ht / is the height of / 
then lit (/) ^ !'(/). In the case of ht (/) = I is called equimultiple. A good filtration ^ is called an 
equimultiple filtration if ht (/i) = iiT). 

Define R{J^) = 0„>o ^nt" and G(^) = {In/In+i)t^ to be the Rees algebra and the associated graded 
ring of J^, respectively. Denote by SJl the maximal homogeneous ideal of R{T). 

Now, we briefly give some comments on weak-(FC)-sequences of a good flltration of ideals in A and the 
flber cone of good filtrations by the following remark. 

Remark 2.1. 

(i) If ^ is a nilpotent good filtration of ideals of A then /" C /„ = for all large n. Consequently, for any 
element x & I\ and for any ideal / of A, we always have I'^In {~\{x) = = I"^xln-i for all large n and 
: a; C A = : Hence the conditions (FCi) and (FC2) always are satisfied for all x £ I\. This only 
obstructs and does not carry useful. That is why in definition of weak- (FC) -elements, we have to exclude 
the case where .F" is a nilpotent good filtration of ideals of A. 

(ii) Since JF is a good filtration of ideals of A, there exists u such that /„ = I^~"Iu for all large n. By 
Artin-Rees lemma, there exists integer v such that 

(0 : Pi /„ C (0 : Pi /i"-" = ((0 : h°°) f] 1^)1^-^-^ C (0 : I^^^)!^-^-^ 

for all n - u > u. Since /{*-"-''(0 : = for all large enough n, (0 : 04=0 for all large n. 

(iii) Suppose that x € h is a filter-regular element with respect to Ii . Consider 

K ■ In — > xin, y 1-^ xy. 
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It is clear that A^; is surjective and Ker = {0 : x)f]In- Since a; is a filter-regular element, 

Ker = (0 : a;) f|/„ C (0 : Ii°")f]ln = 

for all large n. Therefore, xin — In- This follows that xlln — Iln for any ideal 7 of ^4 and for all large n. 
Hence for any ideal I of A, we have an isomorphism of A- modules In /I In — xin/xlln for all large n. 

(iv) Set A* = A/0 : I^; r = I A*; I* = I^A* for all n > 0; a* the image of a G A in A*. Suppose that 
a; S /i is a filter-regular element with respect to Ii. Since : x C : x* is a non-zero-divisor in A*. 
Hence /*//*/* ^ x*I*/x*ri* for aU n. 

(v) If i{J^) = 1 and an element x such that {x) is a reduction of J^, then for any ideal I of A and for all 
large n, we have I'^InC\{x) = /"*a;/„_i f\{x) = I™xln-i for all non-negative integers m. On the other 
hand : a; C : 7i°°. Hence a; is a weak-(FC)-element with respect to {I,^)- 

(vi) It is easily seen that if J is an m-primary ideal of A, then in R{J^) we have -\/ JR{!F) = xnR{J^). Hence 
dimFj(^) = dimFni(^) = (.{h) = dimFj(/i), and if 3 is a minimal reduction of J^, then DtfFj(^)an is 
an ideal of parameter for -Fj(^)«ot- 

(vii) Let J be an m-primary ideal of A. Set Sj ~ ® n> j^^n / J InW^ ■ Then Sj has a natural F/(/i)-modulc 
structure given by (a -f JI'^){x + J/„) = {ax + JI„i+n) for a G 7™, x In- Since J- is a good filtration 
of ideals of A, it is easily scon that Sj = ^n>ji-^n/ JIn)t^^ = F,j(Ii)(Ij / Jlj)^'' for all large j. Hence 
lA{In/ Jin) is a polynomial Q{n) for all large n, and degQ{n) = dimFj{T) — 1 = £{Ii) — 1. 

(viii) Let 7 be an ideal of A and T = {7„}„>o a good filtration of ideals of A. Recall that an element 
a G 7i is called a superficial element with respect to (7, !F) if there exists a non-negative integer c such 
that (7™7„+i : a)f^I"^Ic = I"^In for all n > c and for all non-negative integers to. The notion of the 
superficial elements goes back to P. Samuel [Z-S] . The classical theory of the superficial elements becomes 
an important tool in local algebra and has been continually developed (see for instance [H-S], [K], [R-S]). 
We now show that if an element a: G 7i is a weak-(FC)-element with respect to (7, JF) then x is also a 
superficial element with respect to (7, JF). Indeed, if x G 7i is a weak-(FC)-element with respect to (7,^), 
then for all large n and all m ^ 0, we have 

7'"7„ : x = {I^'ln n (x)) : x = x7™7„_i : x = 7'"7„_i + (0 : x) C 7'"7„_i + (0 : I^). 

By (ii) , there exists a positive integer c such that (0 : 7f°) fi 7c = 0. Thus for all large n (n > c) and all 
m > 0, 

(7™7„ : x) n I"'Ic C [7"7„_i + (0 : 7^°°)] n 7^7^ = 7™7„_i + (0 : 7~) n 7"7e = 7'"7„_i. 



ON THE FIBER CONES OF GOOD FILTRATIONS 



5 



The reverse inclusions are trivial. Hence a; is a superficial element with respect to 

A minor variation in Rees's argument [see the proof of Lemma 1.2, Re] yields the following lemma. 

Lemma 2.2(Generalized Rees's Lemma). Let T = {/ri}n>o fee a good filtration of ideals of A. Let 3 be 
a reAuction of I an ideal of A. Let S be a finite collection of prime ideals of A not containing Ii. Then 
there exists an element x € 3\UpeE ^ such that {x) {^I"^In = I"^xln-i for all large n and all non-negative 
integers m. 

Using Lemma 2.2, we will show that the existence of weak-(FC)-sequences in good filtrations is universal 
by the following proposition. 

Proposition 2.3. Let I be am, ideal of A, 3 a reduction of T = {/n}n>o- Suppose that T is non-nilpotent. 
Then there exists a ■weak-(FC)-element in 3 with respect to 

Proof. Set S Assa[^/(0 : It is easily seen that E = {P e Ass^ \ P ^ h] and S is finite. Since Ii 

is non-nilpotent, there exists x e U such that x ^ P for all P e E and (x) P| = /™a;/„_i for all large 
n and all non-negative integers m by Lemma 2.2. Thus, x satisfies condiction (FCi). Since x ^ P for all 
Pes, 0:a;CO:/i°°. Hence x satisfies condition (FC2). □ 

Let J be an m-primary ideal of A. Denote by 9Jt the maximal homogeneous ideal of the Rees algebra R{T) 
of a filtration T. The notation e{Fj{J^)) will mean the Hilbert-Samuel multiplicity of local ring Fj{T)<xii, 
and it is called the multiplicity of Fj{J^). 



Proposition 2.4. Let J he an m-primary ideal of A. Let T = {In}n>o be a good filtration of ideals in A. 
Set (. = e{J^) and Fj{J^)+ = {In/JLn)t"-. Then we have: 



(ii) If £ > 1 and x S /i is a weak- (FG)- element with respect to {J,J-^) then e{Fj[!F / [x))) = e{Fj{!F)). 

(iii) The length of maximal weak-(FC)-sequences in Ii with respect to {J,J^) is £. 

(iv) If xi,X2, . . . ,xe is a weak-(FC)-sequence in Ii with respect to {J-,T) then {xi,X2, ■ ■ ■ ,xe) is a 
minimal reduction of T. 

(v) Any minimal reduction of T is generated by a maximal weak- (FC)-sequence in Ii with respect to 



n>0 



(i) Ife > then e{Fj{r)) = e{Fj{r)+; Fj{r)) = lim, 



{£-l)\[lA{In/JIn)] 



Proof. Since J is an m-primary ideal of A, m/J is a nilpotent ideal in A/ J , and hence Fj{J^)^ is a reduction 
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of {xn/J)^Fj{J^)+. This gives e{Fj{J^)) = e{{m/ J)® Fj{T)+;Fj{T)) = e{Fj{J^)+; Fj{J^)). By Remark 
2.1 (vii), there exists a positive integer j such that Sj = ®n>ji-^n/JIn)t"' = Fj{I\){Ij / JIj)P . Concider the 
exact sequence 

Q^S^^Fj{T)^ {In/JInT^O. 

Since dim0Q^^^^_-^(/„/J/„)t" = < f = dimFj(.F), it follows that e{Fj{^!F)) = e{Sj). Direct computation 
shows that 

lA[Sj/{Fj{J^) + r+'Sj]-lA[Sj/{Fj{J^) + rSj] = lA[{In+j/JIn+j)] 

for all large enough n. Remember that [(7„+j/J/„+j)] is a polynomial of degree {£ — 1) for all large 

enough n. Hence we get e{Fj(T)) = e(Sj) = lim„_>+tx> ^"^ "^ii"^ — This completes the proof of 

(i). Let a; e /i be a weak-(FC)-element with respect to {J,J^). Set En = In{A/xA) for all n > 0. Then 
J^l {x) = {En\n>o and for all large enough n, we have 

= «a( j^) - Ia{ J- ) 

(Jin 'Jin 
In xin-l 

= ^) — lA{-—fj ) (because x satisfies the condition (FCi)) 

J Iji XJlji—X 



Consequently, it holds that 



lA{y^) - lA{yf^){hy Remark 2.1 (iii)). 



Ia{^)-Ia{^)-Ia{^) (1) 



for all large enough n. By (1) we get e{Fj{T /(x))) = e{Fj{J^)). Therefore, we have(ii). It follows readily 
from (1) that 

dimFj(.F/(a;)) = dimFj(.F) - 1(**). 

Next we prove (iii): First note that if ^ = then 7i is a nilpotent ideal of A. In this case, the length of maximal 
weak-(FC)-sequences in 7i with respect to (J, .F) is = ^. If ^ > and xi,X2, ■ ■ ■ , is a weak-(FC)-sequence 
in 7i with respect to {J,!F), then using (**), we easily prove by induction on s that 

dim7'j(^/(a;i,a;2, . . . ,Xs)) = dmiFj{T) - s. 



This implies that the length of maximal woak-(FC)-scquences in 7i with respect to {J, J') is £. We get (iii). 
The proof of (iv): Let xi,X2,-- - ,xe be a weak-(FC)-sequence in 7i with respect to {J,J-). The proof is 
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by induction on i ^ £ that {xi,X2, ■ ■ ■ ,Xi) f]In+i = {xi,X2, ■ ■ ■ ,Xi)In for all large n. The case of i = 
is trivial. Denote by a;- the image of a;, in A' = A/{xi,X2, ■ ■ ■ ,Xi-i). For suppose the result has been 
proved for i — 1 > 0. Set N = {xi,X2, ■ ■ ■ , Xi-i). Since x'^ is a weak-(FC)-element with respecto {J A', J^/N), 
(x'i) n In+iA' = x'ilnA' for all large n. So [I„+i + N] f][{xi) + N] = xJn + N. Hence 



This is equivalent to /„+i HK^^O + = ^-iln + Nf]In+i. By inductive assumption, A^P| /„+i = 7V/„ for all 
large n. Hence {xi,X2, ... ■,Xt)f] /„+i = (.r )In for all large n. The induction is complete. This 

gives {xi,X2, . • . , xi) Pi In+i = {xi.X2, . . . , xi)In for all large n. Since xi, X2i ... , a;^ is a maximal weak-(FC)- 
sequence in Ii with respect to (J, T) by (iii), !F / {xi,X2,--- , a:;^) is a nilpotent filtration of A/(a;i, X2, . . . ,X(). 
Therefore, /„ C (xi,a;2, . . . ,Xi) for all large n. Consequently, 



for all large n. Hence (a;i,a;2, . . . ,X() is a minimal reduction of T. The proof of (v): Let J be a minimal 
reduction of T. Now, note that if a: S 3 is a weak-(FC)-element with respect to [J.T), then by (**) we 
have AmiFj{T / {x)) = 6imFj{T) — 1. Consequently, 3{A/x) is also a minimal reduction of J-/{x). Hence 
by Proposition 2.3 and by induction on dim_Fj(J^), we easily give that there exists a maximal weak-(FC)- 
sequence a:i,a;2,... ,xi in 3 with respect to (J.J-). By (iv), (xi,a;2,... ,xi>) is a reduction of J-. Since 
(xi, a;2, . . . ,xe) C 3 and 2J is a minimal reduction of J^, 3 = {x\,X2, - ■ ■ ,Xi). Proposition has been proved. □ 



In this section, we will examine the multiplicity of fiber cones of good filtrations. 

Denote by 9Jl the maximal homogeneous ideal of R{J^). Recall that the multiplicity of the fiber cone 
Fj{T) is the Hilbert-Samuel multiplicity of local ring Fj{J^)^. 

We begin by the following note. 

Note 1: By Proposition 2.4, a reduction of is a minimal reduction of if and only if it is generated 
by a weak-(FC)-sequence of the length £ = £{J^). Let a;i,a;2,... ,xe be a weak-(FC)-sequence in Ii with 
respect to {J,J^). Then 3 = {xi,X2, ■ ■ ■ ,xe) is a minimal reduction of J^. And by the proof of Proposition 
2.4, dimFj(.F/(a;i,a;2, • • • ,Xs)) = dimFj(^) — s for all s ^ £. This also means 3[A/{xi,X2, ■ ■ ■ ,Xs)] is a 
minimal reduction of J^/ {xi,X2, - ■ ■ ,Xs)- 

The following proposition plays an important role in the proofs of this paper. 



In+l f|[/„+l + N] f][{Xi) +N]= In+l i^iXiln + N). 




3. The multiplicity of fiber cones of good filtrations 
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Proposition 3.1. Let J be anm-primary ideal of A. Let = {In}n>o be a good filtration of ideals in A with 
= f > 0. Let xi,X2, - ■ ■ ,xe be a weak-(FC)-sequence in I\ with respect to (J, J^). Set 3 = {xi,X2, ■ ■ ■ , xe) 
and I-i = 0. For any i < i, set P{i) = {xi, . . . ,Xi) : Ii°°, J^{i) = T/{x\, . . . ,Xi), = T/P{i). Then 

(i) e{Fj{T)) = e{Fj{Tm = e{Fj{rm- 

(\\) I , r Fjj^'i^)) 1 < / , r FjiHi)) 1 < / ^ r Fjjn 1 
W ''AidtFj{:F'{i))\ ^ '^L3tFj(;f(i))J ^ '^La^FJ(:F)J• 
(iii) ^A ^tFjP'ii)) ] = ^4m^] "■'^d '"''■y iflnClPii) C (mod Jin) for allO^n^ r^iJ^). 

Proof. Set A* = A/0 : h°° and T* = T/Q : = {/* = /„A*}„>o. By Remark 2.1 (ii), (0 : fl^n = 
for all large enough n. This gives lA{-jf^) = Ia[ jj +(o-j"'^)f]i ] = for all large enough n. Hence 

e{Fj{:F)) = e{Fj{:F*)). (2) 

Let X G /i be a weak-(FC)-elenient with respect to (J, J-'). Then on the one hand by Proposition 2.4(ii), 
e{Fj{!F/{x))) = e{Fj{T)). Now, assume that the analytic spread t — > 1 and xi,X2, . . . ,Xi {i < £) is 
a weak-(FC)-sequence in /i with respect to {J,J-). We easily show by induction on i < £ that e{Fj{T)) = 
e{Fj{T{i))). On the other hand by (2), e{Fj{T{i))) = e{Fj{T' {i))). Hence 

e{Fj{T)) = e{Fj{Hf))) = e{Fj{T'{f))). 

Note that this equation is true too in the case oi £ = 1 by (2). This establishes (i). Set rj{T) = r, 
Q{i) = (xi, . . . ,Xi), P{i) = Q{i) : h°°. Since 



n>l " 
n>l 



Hence 



lA[Fj{J^)/3tFj{:F)]=lA[A/j]+ E ^4 nT \ JT J 



u[F,(r(i))w(r(,))]=u[^/j+p(i)]+ E '4 (P(i)nj„+V.+jf. 



t ^ ^ \~ I ~ I >' ' ~ ~ lb J- ' — ~ lb ) 
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It is clear that 

+ Jin) c {Q{i) fl /„ + 3J„_i + Jin) c {p{i) fl /„ + + 
for all < n < r. Hence we immediately get (ii). Moreover, 

lA[Fj{J^)/3tFj{J^)] = lA[Fj{J''{i))/3tFj{J^'{t))] 
if and only if {3In-i + Jin) = {P{i) D -^n + ^-^n-i + J^n) for all < n < r. This means 

In Pi P{i) C 3/„_i (mod Jin) for all < n ^ r. 

We have (iii). □ 

Lemma 3.2. Let J be an m-primary ideal of A. Let T = {/n},i>o &e a good filtration of ideals in A with 
(.{T) = £ = 1 and x £ I\ such that {x) is a reduction of T. Set rf^^) {^) = '>'■ Then 

(i) //grade h = 1 then e{Fj{J^)) = lA^Inl Jin) for all n> r. 

(ii) eiFj{J^)) = Ia [ ^o:i,^)'f\i^+JiJ for " ^ ^• 

Proof. By Remark 2.1 (v), x is a weak- (FC) -element in Ii with respect to (J, JT). Since £(jr) = 1, lA{In/JIn) 
takes a constant value for all large enough n. This gives e{Fj{J^)) = lA{In/ Jin) for all large enough n. 
Remember that r(j.)(jr) = r. Hence J„ = IrX^~'^ for all n > r. Now, if grade /i > then a;""'' is non-zero- 
divisor in A. This implies the following isomorphism of ^-modules 

If I J If X If I X J If — In I J Ifi 

for all n > r. We get (i). Set T* = T jO : = {/* = /„[^/0 : /i°^]}„>o. Recall that by Proposition 3.1, 
e(Fj(JP)) = e{Fj{T*)). Since (0 : : /i = : it follows that grade II > 0. On the other hand we 

always have grade I^ ^ £{1^) ^ i{Ii) = 1. Consequently, grade I^ = £{1^) = 1. Since {x*) = x[A/{0 : Ji°°)] 
is a reduction of ^* and r(^x*){^*) ^ ^(x)(-^) = ^) by (i) we get 

e{Fj{J^*)) = Ia{I*JJI:) = ^4 ,n"tS;!'Tr ] = '^7 ^" 



for all n>r. Thus, 
for all n > r. □ 



By combining Proposition 3.1 with Lemma 3.2, we obtain the following theorem. That is the main result 
of this section. 
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Theorem 3.3. Let J be an m-primary ideal of A. Let T = {In}n>o be a good filtration of ideals in A with 
= ^ > 0. Let xi,X2, . . . ,xe be a weak-(FC)-sequence in Ii with respect to {J,J^). Set 

3 = {xi,X2,. ■ . ,Xi), r:i{J^) = r, Q = {xi,X2,... ,xe-i). 

Then e{Fj{r)) = Ia[ ^q,i^oo)(\j^+jiJ , for all n>r. 

Proof Set JF(^ - 1) = J^/Q = - l)n = In{A/Q)]n>o. By Proposition 3.1, we get 

e{Fj{:F)) = e{Fj{:F{i - 1))). 

By Note 1, 3 is a minimal reduction of T and 6.miFj{J^{(. — 1)) = 1, and [xf) = xe{A/Q) = 3{A/Q) is a 
minimal reduction of J^{£ — 1). Since rj{J^) = r, it follows that r(s^)(.F(f — 1)) ^ r. Hence by Lemma 3.2(ii), 

eiFAn< - 1))) ^ : J^e - i).-)n/(/-' I)- + JHi - 1) J 

Note that we always have the following isomorphism of A-modules 

I{i - l)n In + Q In 



(0:7(^-l)i°°)n/(^-l)n + J/(^-l)n iQ:Iinnin + JIn + Q {Q : h°°) H In + Jin 

This gives 

7 r — 1)k -1 _ . r In 1 

L (0 : I{i - 1),-) n I{e - l)n + JI{i -1)J ^HQ--ir)f]In + JlJ' 

Hence 

Theorem 3.3 has been proved. □ 



4. The Cohen-Macaulayness of fiber cones of good filtrations 



In this section, we answer the question when the fiber cones of good filtrations of ideals in A are Cohen- 
Macaulay. 

Denote by 9Jl the maximal homogeneous ideal of R{J^). Then Fj{!F) is Cohen-Macaulay if and only if 
Fj{^)<m is Cohen-Macaulay [H-R]. 

We begin by establishing the following lemma. 

Lemma 4.1. Let T — {/n}n>o be a good filtration of ideals in A with with i{J-) = grade Ii = I and 
X G Ii such that (x) is a reduction of T. Set r(^x){^) = ^- Let J be an m-primary ideal of A. Then Fj{J-) is 
Cohen-Macaulay if and only if xin-i fl Jin — Jxin-i for all 1 ^ n ^ r. 
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Proof. Without loss of generality we may assume that Fj{J^) = Fj{J^)<xii. Recall that by Remark 2.1 (v), 
a; is a weak-(FC)-element in 7i with respect to {J,!F). On the one hand by Proposition 2.4(i) and (a;) is a 
reduction of 

e{Fj{T)) = e{Fj{J^)+;Fj{J^)) = e{xtFj{T);Fj{T)). 
On the other hand by Lemma 3.2(i), e{Fj{J^)) = lA^Ir/ Jlr)- Hence 

Uilr/JIr) = e{Fj{T)) = e{xtFj{T)-Fj{T)). 

Since grade Ji > 0, a; is non-zero-divisor in A. Hence xlg/xJIg — Is/JIs for all s > 0. Therefore, 

lA[Fj{J')/xtFj{J^)]=lA{A/J)+ lA[ln/xIn-l + JIn] 

= Ia{A/J) + [In/ Jin] - Ia [{xIn-1 + J In) / J In] ) 

= Ia{A/J)+ {lA[ln/JIn]-lA[xIn-l/xIn-l{^JIn]) 
> Ia{A/J) + Y [In/ Jin] - Ia [xIn-l/xJIn-l] ) 

= Ia{A/J) + ^ {lA[ln/JIn] - lA[ln-i/JIn-\]){ by X is non-zero-divisor in A) 
= lA[lr/JIr] = e{Fj{T)) = e{xtFj{T);Fj{T)). 

It is clear that xtFj{T) is an ideal of parameter for Fj{J^). Consequently, Fj{T) is Cohen-Macaulay if and 
only iilA[Fj{T)/xtFj{T)] = e{xtFj{J^);Fj{T)). This is equivalent to 

Y Q'A[ln/JIn]-lA[xIn-\/{xIn-l{^JIn)])= Y iU[ln/ Jin] - lA[xIn-l/xJIn-l])- 

Hence Fj{T) is Cohen-Macaulay if and only if xin-i fl Jin = Jxin-i for all 1 < n < r. □ 

Let J be an m-primary ideal of A and T = {In}n>a a good filtration of ideals in A with = ^ > 0. 
Remember that if £ = and a;i, a;2, . . . , a;^ is a weak-(FC)-sequence in 7i with respect to (J, J^), and set 
3 = {x\,X2, ■ ■ ■ ,Xi), then 3 a minimal reduction of by Note 1. Since dimFj{J^) = £ and 3tFj{T) is an 
(m/J) 0f j(:r)+-primary ideal of Fj{T), 3tFj{T) is an ideal of parameter for Fj{T). 

The main result of this section is established in the following theorem. 

Theorem 4.2. Let J he an m-primary ideal of A. Let T = {/n}n>o he a good filtration of ideals in A with 
£{T) = ^ > 0. Let xi,X2, . . . ,xi he a weak-(FC)-sequence in Ii with respect to {J,T). Set 

3 = (a;i,a;2, . . . ,xe), ra(J^) ^ r, Q = {xi,X2, ■ ■ ■ ,Xi-i), /_i = 0. 
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Then Fj{J^) is Cohen-Macaulay if and only if the following conditions are satisfied: 

(i) (Q : n C a/„_i (mod Jin) for all < n < r. 

(ii) pin-i + {Q : n Jin = nin-i (mod Q : for all l^n^r. 

Proof. Denote by SOT the maximal homogeneous ideal of R{!F). Without loss of generality we may assume 
that Fj(J-) = Fj{T)^. Set - 1) = T/Q = {I{t - 1)„ = /„(A/Q)}„>o and 

J^'{1 - 1) = J^/Q : 7i°° = - 1)„ = In{A/Q ■ /i°°)}„>o. 

Since 3tFj{T) is a reduction of Fj{T)+ , 3tFj{T'{l - 1)) is a reduction of Fj{T'{i - 1))+. Hence by Propo- 
sition 2.4(i) and Proposition 3.1, we have 

e{3tFj{T)- Fj{T)) = e{Fj{T)) = e{Fj{J^'{£ - 1))) = e{3tFj{J^'{£ - 1)); Fj{J^'{£ - 1))) and 

(3) 

Ia [FjiJ^'ie - l))/3tFj{T'{i - 1))] < Ia [Fj{T)/3tFj{T)\ . 

Since (Q : Ii°°) : h = Q : it follows that grade > 0. By Note 1, £(/(£- l)i) = 1. 

Hence (.{I' {(. - l)i) sC (.{I{£ - l)i) = 1. On the other hand, grade V {I - l)i s$ (.{I' {I - l)i) is always true. 
Consequently, grade /'(£- l)i = l{r{(. = 1. Since xttF,j{T' {(. - 1)) = 3tFj{T'{(.- 1)) is a reduc- 
tion of Fj(T'{i-l))+ and ^(/'(^- l)i) = 1, it follows that 3tFj{P{l- 1)) is an ideal of parameter for 
Fj{J^'{£ - 1)). This gives 

e{3tFj{J^'{l - 1)); Fj{J^'{l - 1))) ^ Ia [Fj{J^'{1 - l))/3tFj{J^' {I - 1))] . (4) 
Since 3tFj{J^) is an ideal of parameter for Fj{T), Fj{T) is Cohen-Macaulay if and only if 

e{3tFj{r)- Fj{T)) = Ia [Fj{T)/ltFj{J^)\ . (5) 
By (3) and (4), (5) is equivalent to the following two equations: 

e{3tFj{r{l - l));Fj{T\i - 1))) = lA[Fj{T\i - l))/3tFj{J^' {£ - 1))] (6) 

and 

Ia[Fj{:F'{£ - l))/3tFj{J^'{e - 1))] = lA[Fj{T)/3tFj{J^)]. (7) 

Recall that 3tFj{T'{£ - 1)) is an ideal of parameter for Fj{T'{l - 1)). Hence (6) is equivalent to Fj{T'{l - 1)) 
is Cohen-Macaulay. On the one hand. 



grade/' - l)i = £{!'{£ - l)i) = 1 and xitFj{r'{£ - 1)) = 3tFj{r'{£ - 1)) 
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is a reduction of Fj{J^'{£ — 1))"'". On the other hand, rx^(A/Q:ii'"){^'{^ — 1)) ^ = ^- Hence by Lemma 

4.1, Fj{J^'{e - 1)) is Cohen-Macaulay if and only if 

xel'{£ - l)„_i fl JI'{£ - l)n = xeJI'ii - l)„_i for all l^n^r. (8) 

Since XitFj{T'{i - 1)) = 3tFj{P{(. - 1)), (8) means 

[a/„_i + {Q : 7i°°)] fl [{Q : h°°) + J/„] = nin-i + {Q : Ii°°) for all 1 < n < r. 

It can be verified that this condition also means 

[din-i + {Q : h°°)] n Jin = Ja/„-i(mod Q : h°°) for all 1 < n < r. 

By Proposition 3.1(iii), (7) is equivalent to 

In f]{Q : Ii°°) C 3In-i (mod JJ„) for all < n < r. 

Hence Fj{J^) is Cohen-Macaulay if and only if the following conditions are satisfied 

(Q : n ^" - ^-^"-1 (^o'l '^-^") all < n ^ r. 
[3In-i + {Q : 11°°)] n Jin = J3/n-i(mod g : h°°) for all 1 ^ n ^ r. 

This completes the proof of Theorem 4.2. □ 

Prom Theorem 4.2, we give the following interesting consequence. 

Corollary 4.3. Let {A,m) be a Noetherian local ring with maximal ideal m, J- = {In}n>o o, good filtration 
of ideals in A with £{J^) = 1. Set J^'J"'^ = {lTn}n>o- Then Fm{J-^'^^) is Cohen-Macaulay for all large T. 

Proof Set A* = A/0 : /i°°,m* = mA*,J^* = : h°° = {I* = /„^*}„>o. Let x be an element in h such 
that (a;) is a minimal reduction of J^. Then (x*) {x* the image of x in A*) is also a minimal reduction of J^*. 
Hence by Remark 2.1(v), x and x* are weak-(FC)-elements with respect to (m, J^) and {m*,J^*), respectively. 
Since x* satisfies the condition (FCi), there exists a positive integer u such that (a;*) f]m*"^I* = m*"^x*I*_i 
for all n > « and all non-negative integers m. By Remark 2.1 (ii), there exists a positive integer v such that 
(0 : f)In = for all n> v. Set N = max{u, v}. For the proof of this corollary we need the following. 

Note 2: Let C and D be subsets of A*. If y € x*Cf]x*D then y = x*a = x*b with a <E C;b e D. Hence 
x*{a — b) — 0. This means (a — 6) G (0 : a;*). Since x satisfies the condition (FC2), x* is a non-zero-divisor 
in A*. Consequently, (a - 6) € (0 : x*) = 0. Hence a = b e Cf]D. This implies that y G x*{Cf]D). Thus, 
x*Cf]x*D = x*{Cf]D). 
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Now we choose T > N. Using induction on /i > 1, we will prove that 

X h{n-l)\\'^ lT(n-l)+h='^ X h{n-l) (9) 

for all n > 2 and for all non-negative integers m. Since n > 2, T{n — 1) >T > N . Therefore, 

X ^T{n-l)\ P lT{n-l) + l ^ ) f P ^T(„-l)+l = ^ ^T(n-l)- 

Hence 

a; ^T(„-l)| jl" -fT(n-l)+l = 2; ^T(n-l)- (10) 

Thus, (9) is true for h = 1. Suppose that (9) was true for /i — 1 > 1. Since obvious facts 

x^^'lTin-i) C a;*/;(„_i)+^_i C lTin-i)+h and T{n- I) + h - 1 > N, 
r* (~\ r* r* r * r* 1 

^ -'T(n-l) I 1"^ -'T(n-l)+/i — ^ -'T(n-l) | \ [^ ^T{n-l)+h-l\ |^ JT(n-l)+/iJ 

= a;*'^/*(„_i)n"^*"^*4(„-i)+.-i (by (10)) 

= X* K''-^7;(„_i) fl m*'"j;(„_i)+,_i] (by Note 2). 

By (9) is true for ft — 1, 

^ -'T(n-l) I 1"^ ^T{n-l)+h-l — ™- ^ -'T(n-l)- 

Hence a;*''7^(^_;^) lT(n-i)+h — ^*™^*^-^T(n-i)- Consequently, the induction is complete. So 

^ -'T(n-l) I I "I -'T(n-l)+h — 1" 2; -'T(n-l) 

for all n > 2 and for all non-negative integers m. This gives that for any T > N, 

X ^T{n-l)\ P lTn=^ X /T(n-l) 

for all n > 2 and for all non-ncgativc integers m. Hence x*'^ iT(n-i) ni^*-^Tn — lT{n-i)^***) 1™ 

n > 2. Note that (x*) is a minimal reduction of J-* , i^*'^) is a minimal reduction of {lTn}n>o- Now, we need 
to show that (x*^) p|m*/-^ — m*a;*^ by using the following note. 

Note 3: Let {xi,X2,--- , x^) be a minimal reduction of a good filtration .F = {/„}„>o. Set 3 = a;2, . . . ,xe) 
Since J is a minimal reduction of J^, there exist elements yi, ■ ■ ■ ,ys & h such that Xi,X2, - ■ ■ ,xe,yi,. . . ,ys € 
Ii is a minimal base of Ii. Now assume that x = aixi -\ + aexe € 3P|m/i, 

X = bixi H 1- b£X£ + ciyi H h c^i/s 
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where S m for 1 < i < ^ and cj G m for 1 < j < s. Then we have 

(ai - bi)xi -\ h (a^ - bi)xi + cij/i H h CsUs = 0. 

Since xi,X2, ■ ■ ■ ,xe,yi,. . . ,ys is a minimal base of 7i, a, — 6j e m for 1 ^ i ^ ^. Hence G m for 1 < i < ^. 
Thus, X G m3. This follows that = 

On the one hand by Note 3, {x*^)f]m*i:}< = m*x*^. Hence x*'^I^^^_^^ f]m*I^^ = m*x*'^ is true 
for n = 1. On the other hand by (***), x*^I^^^_^^ f]m*I^^ = m*x*^/^(^_^^ for all n > 2. Consequently, 

^*^Inn-l) n '^*^Tn = ^*X*^lTin-l) ^r all n > 1. (11) 

Since x'^ is a minimal reduction of J^^'^\ is a weak-(FC)-element with respect to (m, ^^-^)) by Remark 
2.1 (v). Hence by Theorem 4.2, FmiJ-'''^^) is Cohen-Macaulay if and only if J^^'^^ satisfies the following 
conditions 

(a) (0 : It°°) Pi Itu C x^lT(n-i) (mod mlm) for all ^ n < r, where r is the reduction number of J^^'^\ 

(b) [x^lT{n-i) + (0 : /t°°)] Rn^^Tn = ma;'^7T(n-i)(mod : It°°) for all 1 < n < r. Since Tn > N for 
all n > 1 and : It°° = : (0 : lT°°)f]lTn = for all n > 1. Remember that in the statement of 
Theorem 4.2, we assigned It-i = 0. This means It{-i) = 0. Hence conditions (a) and (b) are equivalent to 

(a'): (0 : It°°) fl ^ = ^ (mod m) and {b') : x*^/^(„_i) f]m*lTn = for all 1 ^ n ^ r, 

respectively. But (a') is obvious and (b') is satisfied by (11). Thus, Fm{J^^^^) is Cohen-Macaulay for all 
large T, as required. □ 

Remark 4.4. Note that in the case where = {I"'}n>o is an 7-adic filtration. Set A* = - — —, m* = mA*, 
I* = I A*, and x* the image of a; G / in A*. Recall that the condition (FCi) of [Definition in Sect. 2, Vi2] 
is (a;*) nm*™7*" = x*m*™I*'"~^ for all large n and for all non-negative integers m. So the condition (FCi) 
in this paper is a weaker condition than the condition (FCi) in [Vi2]. Hence as immediate consequences of 
Theorem 3.3 and Theorem 4.2, we obtained more favorite results than the results in [Vi2]. 
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